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Some (new) counterexamples of parabolic systems
Jana Stará, Oldřich John1
Abstract. We give examples of parabolic systems (in space dimension n ≥ 3) having
a solution with real analytic initial and boundary values which develops the discontinuity
in the interior of the parabolic cylinder.
Keywords: parabolic systems, regularity of weak solutions, blow up
Classification: 35B65, 35K50
1. Introduction
The aim of this note is to give examples showing that parabolic systems do not
conserve, in general, the regularizing property of the heat equation.
All the examples presented here have the same feature — the system has a so-
lution with smooth initial and boundary values which develops the discontinuity
(or even L∞ blow-up) in the interior of the parabolic cylinder.
In comparison to the results published earlier ([1], [2]) we tried to make the
results “sharper” (real analyticity of the coefficients) and such that the calcula-
tions are verifiable more easily. We are indebted to M. Wiegner for suggesting
the problem of higher smoothness of coefficients (than that obtained in [1]) and
for many stimulating conversations.
The idea of the construction goes back to M. Giaquinta and J. Souček, its
modification to the parabolic case was described in [1].
All examples work in case of n ≥ 3, where n is the number of space variables.
As for n = 2, there are various regularity results (see [7], [8], [9], [11]). Even in
this case it still makes sense to ask for a counterexample or for a positive answer
about Hölder continuity of solutions provided the coefficients of linear parabolic
system are L∞ only.
2. Notation
Let Ω be a nonempty open set in Rn, (n ∈ N, n ≥ 3), and let T ∈ (0,∞).
Denote Q = Ω × (0, T ). We shall consider the case when space dimension n
1 The work of both authors was supported by GAČR 201/93/2171 and by GAUK 364.
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equals to the number of components of a solution only, i.e.
























As 〈u, v〉 we denote the scalar product in any finite dimensional space Rp,
p ∈ N, |u| = 〈u, u〉
1
2 .
The summation convention is used throughout the paper.
3. An example of a quasi linear parabolic system with the coefficients
depending smoothly on u
At the beginning we give an example of a quasilinear parabolic system. Its
coefficients, depending on u only, are real analytic on a neighbourhood of the
closure of B(0, 1) = {v ∈ Rn; |v| < 1}. Together with the system we construct
its solution u which has real analytic initial data, develops discontinuity in the
interior of Q and its values are contained in B(0, 1).




κ(1− t) + |x|2
.
Then u is real analytic on Rn × (−∞, 1) and solves a quasilinear system
(3.1) uit = Dα(A
αβ
ij (u)Dβu
j), (i = 1, ..., n)
with A
αβ
ij (u) real analytic on a neighbourhood of B(0, 1) and infinitely differen-
tiable on Rn, satisfying an ellipticity condition
∃ λ0, λ1 ∈ (0,∞) ∀ξ ∈ Rn
2
; u ∈ Rn















µ = n− 1, λ = n− 2− κ
2(n− 1) .
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Proof: Denote








(3.4) u(x, t) =
x
√




























2(n− 1))(δiα−νiνα), (α, i = 1, ..., n),






t, (i = 1, ..., n),
(ii) |b|2 ≤ µ2|c|2 with µ = n− 1
(iii) 〈b, c〉 ≥ λ|c|2 with λ = n− 2− κ
2(n− 1) .
Following [6] we put for θ ∈ (0, λ)
(3.8) Aαβij = θδijδαβ + 〈b− θc, c〉




and we obtain ellipticity condition with







λ , we get finally (3.2). (The choice of θ was done to
keep λ0λ1 maximal.)
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The relations (3.7)(i) immediately imply that u solves system (3.1) with A
αβ
ij
given by (3.8). Using the equality
|u| = ϕ(ξ) = ξ√
1 + ξ2





as a function of u. Thus we get
A
αβ
ij (u) = θδijδαβ +Aiα(u)Ajβ(u)
with
(3.9) Aiα(u) =
{n− 1− θ − |u|2(1 + κ





n(n− 1− θ)− {2(n− 1− θ) + κ2 }|u|
2 − θ|u|4
.
The coefficients Aiα are real analytic on a neighbourhood of B(0, 1) = {v ∈
R
n; |v| ≤ 1} where the solution u given by (3.3) takes its values.
Really, putting f(|u|) for the expression under the root in the denominator of
(3.9), we get
f(1) = (n− 1)(n− 2− θ)− κ
2
.
Because of the fact that 0 < θ < n− 2− κ
2(n−1) = λ we can estimate f(1) > 0.
Thus f(|u|) is positive on
(3.10) B(0, 1 + ǫ) = {u; |u| < 1 + ǫ}
with an ǫ positive.
Moreover, let φ ∈ C∞(R) be any function for which 0 ≤ φ(s) ≤ 1 everywhere
in R, φ(s) = 0 if |s| ≥ 1 + ǫ and φ(s) = 1 for |s| < 1 + ǫ2 , where ǫ is positive





θδijδαβ + φ(|u|)Aiα(u)Ajβ(u), |u| < 1 + ǫ,
θδijδαβ , otherwise.
Then Ãαβij ∈ C∞(Rn) and the system (3.1) with the coefficients Ã
αβ
ij satisfies
ellipticity condition (3.2) with the same λ0, λ1. 
In the following remark we suppose n = 3. Nevertheless, it can be reformulated
for n ≥ 3.
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Remark 1 (n = 3, κ = 1). In our example, the ratio λ0λ1 is approximately 0.04. It
follows from the results of E. Kalita [3] that if λ0λ1 in parabolic case is sufficiently
big (λ0
λ1
> 0.33), then all its solutions are locally Hölder continuous. In elliptic
case, as it follows from the (sharp) results of A.I. Koshelev ([4], [5]), the local















, K > 0












for any given ǫ > 0 choosing the constant K properly.






ij (x, t) = θδijδαβ +Aiα(x, t)Ajβ(x, t),
where
Aiα(x, t) =
[κ(1− t)(n− 1− θ) + |x|2(n− 2− θ − κ




Aκ2(1− t)2 + Bκ(1− t)|x|2 + C|x|4
for t ∈ (−∞, 1), x ∈ Rn with
A = n(n− 1− θ),
B = [2(n− 1)(n− 1− θ)− κ
2
],
C = [(n− 1)(n− 2− θ)− κ
2
].
(Constants A, B, C are positive.) Thus we get that the coefficients Aαβij ∈
L∞(Rn × (−∞, 1)) and they are analytic on Rn × (−∞, 1). We can define them




for t > 1. In this way, for t tending to 1 from below, we reach the solution
ui(x, 1) = xi|x| . Taking this function as the initial values for t = 1 and solving
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the diagonal heat equation system for t > 1, we get finally the weak solution
on Rn × (0,∞) which looses continuity at the point [x, t] = [0, 1] and which is
infinitely smooth on Rn × (1,∞).
Another of the possible choices is to take the coefficients
A
αβ
ij (x, t) = A
αβ
ij (x, t), t > 1,
where Aαβij are the coefficients of the well known De Giorgi’s example [10]. In this




for all t > 1, x ∈ Rn; i.e. the solution develops one point of discontinuity for t = 1
and it is stationary for t > 1.
4. L∞ blow-up of solutions to linear parabolic systems
Theorem 4.1. Let n ≥ 3; γ ∈ (0,min{
√
n− 1− 1, 12}); κ ∈ (0, 2(n− 1)(n− 2−
2γ)). For x ∈ Rn, t ∈ (−∞, 1) put




κ(1 − t) + |x|2
.
Then u is Hölder continuous on Rn × (−∞, 1) and it is a weak solution of a linear
parabolic system
(4.2) uit = Dα(A
αβ
ij Dβu
j), (i = 1, ..., n)
with A
αβ
ij ∈ L∞(Rn × (−∞, 1)) satisfying an ellipticity condition
(4.3)
∃ λ0, λ1 ∈ (0,∞) ∀ ξ ∈ Rn
2
, ∀ x ∈ Rn, ∀ t ∈ (−∞, 1)





Proof: The proposed solution u obviously satisfies (4.4) and smoothness proper-
ties formulated in Theorem 4.1. We shall define now coefficients of a corresponding
parabolic system. Using the notation (3.3) we have
u(x, t) = νφ(ξ)ψ(r)
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{ψϕ[(n− 2)δiα + νiνα]+
[ψ′rϕ + ψϕ′ξ(1 − κξ
2
2(n− 1))](δiα − νiνα}), (α, i = 1, ..., n),






t, (i = 1, ..., n),
(ii) |b|2 ≤ µ2|c|2








(n− 1)(n− 2− 2γ − κ
2(n−1) )
n− 1− (1 + γ)2 .
Assumptions of Theorem 4.1 guarantee that both λ, µ are positive. Choosing
θ ∈ (0, λ) small enough and repeating procedures of Section 3 we get finally that




(4.7) Aiα(x, t) =
δiα{Aκ(1− t) + B|x|2}+ νiνα{Cκ(1− t) +D|x|2}
√
E|x|4 + F|x|2κ(1− t) + Gκ2(1 − t)2
and
(4.8)
A = n− 1− θ − γ,
B = n− 2− θ − γ − κ
2(n− 1) ,
C = γ(1 + θ),
D = (1 + θ)(1 + γ) + κ
2(n− 1) ,
E = (n− 1)(n− 2− θ − 2γ)− κ
2
− θγ2,
F = 2(n− 1)(n− 1− θ − 2γ)− κ
2
+ 2θγ(1− γ),
G = (n− 1)(n− θ − γ)− θ(1− γ)2.
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(All the constants are positive for θ small enough.)
The construction of coefficients guarantees both L∞ estimates and the ellip-
ticity of the system.
Assertions analogous to Remarks 1, 2 of Section 3 can be formulated for this
case, too. 
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[1] Stará J., John O., Malý J., Counterexample to the regularity of weak solution of the quasi-
linear parabolic systems, Comment. Math. Univ. Carolinae 27 (1986), no. 1, 123–136.
[2] Struwe M., A counterexample in regularity theory for parabolic systems, Czech. Math.
Journal 34 (1984), no. 109, 183–188.
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